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Abstract
We argue that the standard canonical treatment of GR breaks
manifest spacetime covariance. We present new variables which carry
a reducible representation of gauge transformations and spacetime
diffeomorphisms. A proposal is presented for an action designed to
realize these symmetries at the canonical level.
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1 Introduction
In the canonical formulation of general relativity (GR) one performs a 3+1
splitting into spatial variables which evolve in time. This seems to go
directly against the principle of general covariance, where space and time
manifestly appear on an equal footing. In this paper we will show for certain
fomulations of general relativity that this covariance becomes manifestly
broken at the canonical level. Our aim in this paper will be to establish that
a certain field provides an off-shell realization of the algebra of spacetime
diffeomorphisms, and we will propose an action for gravity based on this
field, with a view toward restoration of the original covariance of the theory.
The full test of such a restoration at the canonical level will be reserved for
future research.
Consider a general transformation of coordinates x ∈ M , where M is a
4-dimensional spacetime manifold
xµ → x′µ = xµ + ξµ(x). (1)
The transformations (1) induce the following Lie bracket between vector
fields ξ, ζ ∈M [
ξµ∂µ, ζ
ν∂ν
]
=
(
ξµ∂µζ
ν − ζµ∂µξν
)
∂ν , (2)
which we will for the purposes of this paper regard as a Lie algebra of general
coordinate transformations.
We would like find a description of GR which realizes this algebra at
the canonical level. For later comparison let us perform a decomposition
of (2) into spatial and temporal parts. For the commutator between two
spatial diffeomorphisms we should choose ξµ = δµi M
i and ζµ = δµj M
j. The
corresponding algebra is given by[
N i∂i, N
j∂j
]
=
(
M i∂iN
j −N i∂iM j
)
∂j . (3)
The commutator of two spatial diffeomorphisms is a spatial diffeomorphism,
which shows that at the level of the vector fields, spatial diffeomorphisms
should form a subalgebra of (2). Moving on to the commutator of a spatial
with a temporal diffeomorphism, we make the identifications ξµ = δµi N
i and
ξµ = δµ0N , yielding[
N i∂i, N∂0
]
= (N i∂iN)∂0 − (NN˙ i)∂i. (4)
The commutator of a spatial with a temporal diffeomorphism is a linear
combination of the two transformations.
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Moving on to the commutator of two temporal diffeomorphisms, we
choose ξµ = δµ0M and ζ
µ = δµ0N , which yields[
M∂0, N∂0
]
= (MN˙ −NM˙)∂0. (5)
The commutator of two temporal diffeomorphisms is another temporal
diffeomorphism, constituting a subalgebra of (2). This suggests for a
theory invariant under general coordinate transformations, that the fully
covariant algebra of spacetime diffeomorphisms should decompose into two
subalgebras, a spatial one and a temporal one.
The Poisson algebra of hypersurface deformations has been computed
by Teitelboim [2]
{ ~H[ ~N ], ~H[ ~M ]} = Hk
[
N i∂kMi −M i∂kNi
]
;
{H[N ], ~H [ ~N ]} = H[N i∂iN
]
[
H[N ],H[M ]
]
= Hi[
(
N∂jM −M∂jN
)
qij], (6)
where Hµ = (H,Hi) refer to the Hamiltonian and diffeomorphism
constraints, smeared by a lapse function and shift vector Nµ = (N,N i). If
H and Hi generate spatial and temporal diffeomorphisms, then one would
like to be able to make the identifications
H −→ ∂0; Hi −→ ∂i. (7)
Comparison of (6) with (3), (4) and (5) shows some similarities and some
differences. The part of (6) involving purely spatial diffeomorphisms is
isomorphic with (3). However, the second equation of (6) is isomorphic
with (4) only when N˙ i = 0, which means that the shift vector N i must
be independent of time. Additionally, aside from the issue of phase space
structure functions qij , the third line of (6) is not isomorphic with (5). Since
two Hamiltonian constraints Poisson-commute into a diffeomorphism (and
not a Hamiltonian) constraint, then the interpretation is that the algebra
(6) breaks manifest 4-dimensional diffeomorphism covariance.
There are various nonmetric formulations of GR where the basic variables
include a gauge connection Aaµ (See e.g. [3], [4]). In this paper we will
focus on the Ashtekar formulation [4], demonstrating that even in this case
there are similar discrepancies with (2) regarding the temporal parts of the
Poisson algebra of constraints. With a view toward restoring this algebra
to be more in line with (2), we will propose a new action for GR, called the
instanton representation IInst. This paper will show that a certain subset
of the variables of IInst forms an off-shell representation of the algebra (2),
reserving the check for its full canonical realization for a separate paper.
The organization of this paper is as follows. Section 2 will establish
the symmetry group of a 4-D gauge connection Aaµ as SO(3, C) ∗ Diff .
Our notation signifies that this symmetry is an off-shell symmetry, derived
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independently of any equations of motion, Poisson brackets or canonical
structure. Section 3 brings in the Ashtekar formulation which uses Aaµ as
one of the dynamical variables. We show that the original SO(3, C) ∗Diff
symmetry of Aaµ is not realized at the canonical level. Section 4 proposes
a new variable Ψae, which in conjunction with A
a
µ forms the basis for our
proposition. This proposition is provided in the discussion section in the
form of an action IInst[A,Ψ]. We demonstrate that Ψae preserves at least
the spatial part of the SO(3, C)∗Diff algebra, relegating the temporal part
for future research. The temporal part becomes of interest when one wishes
to obtain a reduced phase space under SO(3, C) ∗ diff , the spatial part of
the fully covariant algebra.
On a final note regarding index conventions, symbols from the beginning
of the Latin alphabet a, b, c, . . . will denote internal SO(3, C) indices, while
from the middle i, j, k, . . . will denote spatial indices corresponding to a 3-D
spatial manifold Σ. Spacetime indices will be denoted by Greek symbols
µ, ν . . . , and in the canonical decomposition we will assume a spacetime of
topology M = Σ × R, where M is a globally hyperbolic manifold of 4-D
spacetime.
2 Symmetry group of gauge connections
The form variation of a 4-dimensional SO(3, C) gauge connection Aaµ =
(Aa0, A
a
i ) under gauge transformations and spacetime diffeomorphisms will
be established in this section. We will show that Aaµ forms an off-shell
representation of the SO(3, C) ∗ Diff group. By this we mean that the
algebra for this group closes at the covariant level independently of any
equations of motion or symplectic structure. For notational purposes for this
paper, we will distinguish the algebra SO(3, C)∗diff from SO(3, C)∗Diff .
In this notation the latter refers to full spacetime diffeomorphisms while
the former refers to only the spatial parts of these diffeomorphisms, which
excludes the temporal diffeomorphisms.
Under an infinitesimal SO(3, C) gauge transformation δ~η, the connection
Aaµ transforms as [1]
δ~ηA
a
µ = −Dµηa = −∂µηa − fabcAbµηc, (8)
which is the covariant derivative of the gauge parameter with SO(3, C)
structure constants fabc. Under infinitesimal spacetime diffeomorphisms δξ,
the connection Aaµ transforms according to the Lie derivative [1]
δξA
a
µ = ξ
ν∂νA
a
µ + (∂µξ
ν)Aaν . (9)
We will show that transformations (8) and (9) form a symmetry group of
Aaµ. More precisely, we will show without using any equations of motion or
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Poisson brackets that the Lie bracket of these transformations acting on Aaµ
yields a linear combination of the same transformations acting on Aaµ. Let
us quote here the final results of the algebra which will be computed in this
section. The final results of the SO(3, C) ∗Diff algebra are[
δ~θ, δ~η
]
Aaµ = −δ~θ×~ηAaµ;
[
δξ , δ~η
]
Aaµ = −δ(δξ ,~η)Aaµ;
[
δξ, δζ
]
Aaµ = −δ[ξ,ζ]Aaµ,(10)
namely that SO(3, C) ∗ Diff is a symmetry group of a SO(3, C) gauge
connection Aaµ. The remaining subsections will prove that this is indeed the
case by explicit calculation.
2.1 The subalgebra of SO(3, C) gauge transformations
First we will show that the algebra of SO(3, C) gauge transformations closes
on this field. Acting on (8) with a second gauge transformation δ~θ and using
(8), we have
δ~θδ~ηA
a
µ = −fabc(δ~θAbµ)ηc = −fabc(Dµθb)ηc
= fabcηc∂µθ
b + ηc
(
δcf δag − δcgδaf )Afµθg. (11)
We must then compute the result with the transformations reversed
δ~θδ~ηA
a
µ = f
abcηc∂µθ
b +Afµη
fθa −Aaµ(~η · ~θ);
δ~ηδ~θA
a
µ = f
abcθc∂µη
b +Afµθ
fηa −Aaµ(~θ · ~η). (12)
Subtraction of the bottom line of (12) from the top line yields the
commutator of the two transformations[
δ~θ, δ~η
]
= ∂µ(f
abcθbηc) + fafcAfµ(f
cgeθgηe) = Dµ(~θ × ~η)a, (13)
which one recognizes as a SO(3, C) gauge transformation with composite
parameter fabcθbηc. Therefore the result is[
δ~θ, δ~η
]
Aaµ = −δ~θ×~ηAaµ, (14)
namely that the commutator of two SO(3, C) gauge transformations acting
on Aaµ is a SO(3, C) gauge transformation acting on A
a
µ. Therefore, the
connection Aaµ provides a realization of SO(3, C) gauge transformations,
seen as a symmetry group.
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2.2 Mixed components of the algebra
Next we move to the commutator of a gauge transformation with a spacetime
diffeomorphism. The variation by diffeomorphism of the variation by
SO(3, C) gauge transformation of Aaµ is given by
δ~ξ(δ~ηA
a
µ) = −δξ
(
∂µη
a + fabcAbµη
c
)
= −fabcηc(δξAbµ)
= −fabcηc(ξν∂νAbµ + (∂µξν)Abν), (15)
where we have used (8) and (9). Reversing the order of the transformations
yields, after making use of (8) and (9),
δ~η(δξA
a
µ) = ξ
ν∂ν(δ~ηA
a
µ) + (∂µξ
ν)(δ~ηA
a
ν)
= −ξν∂ν
(
∂µη
a + fabcAbµη
c
)− (∂µξν)(∂νηa + fabcAbνηc). (16)
We subtract (16) from (15) to get the commutator of the transformations,
which is [
δξ, δ~η
]
Aaµ = ξ
ν∂ν∂µη
a + fabcξν(∂νA
b
µ)η
c − fabcηcξν(∂νAbµ)
+fabcξνAbµ(∂νη
c)− fabcηc(∂µξν)Abν + (∂µξν)(∂νηa) + fabc(∂µξν)Abνηc. (17)
The second, third, fifth and seventh terms on the right hand side of (17)
cancel out. After applying the Liebniz rule to the first term of (17), we are
left with
∂µ(ξ
ν∂νη
a)− (∂µξν)(∂νηa)
+fabcAbµ(ξ
ν∂νη
c) + (∂µξ
ν)(∂νη
a) = Dµ(ξ
ν∂νη
a). (18)
So the final result is [
δξ, δ~η
]
Aaµ = −δ[δξ,~η]Aaµ, (19)
namely that the commutator of a spacetime diffeomorphism with a SO(3, C)
gauge transformation acting on Aaµ is a SO(3, C) gauge transformation
acting on Aaµ.
2.3 The subalgebra of spacetime diffeomorphisms
Lastly, we must check that spacetime diffeomorphisms form a subalgebra of
SO(3, C) ∗Diff on the connection Aaµ. A diffeomorphism parametrized by
ζ followed by a diffeomorphism parametrized by ξ is given by
δξδζA
a
µ = ζ
ν∂ν(δξA
a
µ) + (∂µζ
a)(δξA
a
ν)
= ζν∂ν
(
ξσ∂σA
a
µ + (∂µξ
σ)Aaσ
)
+ (∂µζ
ν)
(
ξσ∂σA
a
ν + (∂νξ
σ)Aaσ
)
= ζν(∂νξ
σ)∂σA
a
µ + ζ
νξσ∂ν∂σA
a
µ + ζ
ν(∂ν∂µξ
σ)Aaσ
+ζν(∂µξ
σ)∂νA
a
σ + (∂µζ
ν)ξσ∂σA
a
ν + (∂µζ
ν)(∂νξ
σ)Aaσ. (20)
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The result with the vector fields interchanged is given by
δζδξA
a
µ = ξ
ν(∂νζ
σ)∂σA
a
µ + ξ
νζσ∂ν∂σA
a
µ + ξ
ν(∂ν∂µζ
σ)Aaσ
+ξν(∂µζ
σ)∂νA
a
σ + (∂µξ
ν)ζσ∂σA
a
ν + (∂µξ
ν)(∂νζ
σ)Aaσ . (21)
Subtracting (21) from (20), on the right hand side the second terms directly
cancel and the fourth and fifth terms cross-cancel. Application of the Liebniz
rule to the third term leads to some more cancellations[
δξ, δζ
]
Aaµ =
(
ζν∂νξ
σ − ξν∂νζσ
)
∂σA
a
µ
+∂µ
(
ζν∂νξ
σ − ξν∂νζσ
)
Aaσ
−(∂µζν)(∂νζσ)Aaσ + (∂µζν)(∂νξσ)Aaσ + (∂µξν)(∂νζσ)Aaσ − (∂µξν)(∂νζσ)Aaσ,(22)
which annihilate all four terms on the bottom line of (22). The result is is
an off-shell closure of the algebra in congruity with (3)[
δξ, δζ
]
Aaµ = −δ[ξ,ζ]Aaµ, (23)
which shows that spacetime diffeomorphisms are realizable as a symmetry
group of the connection Aaµ.
3 The Ashtekar action
Having shown that the connection Aaµ forms an off-shell representation of
SO(3, C)∗Diff symmetry, let us see to what extent this can be implemented
at the canonical level. In the canonical formulation one performs a 3+1
splitting of the initially convariant dynamical variables into spatial and
temporal parts. For a prototype action based on the connection Aaµ let
us use the Ashtekar formulation of GR [4], which is given by
IAsh =
∫
dt
∫
Σ
d3x
[
σ˜iaA˙
a
i +A
a
0Ga −N iHi −
i
2
NH
]
. (24)
This is a totally constrained system with (Aa0, N
i, N), respectively the
SO(3, C) rotation angle Aa0, the shift vector N
i and the densitized lapse
function N = N(detσ˜)−1/2 as auxilliary fields. The phase space variables
are the self-dual Ashtekar connection Aai and the densitized triad σ˜
i
a. These
variables define fundamental Poisson brackets
{Aai (x, t), σ˜jb (y, t)} = δanδji δ(3)(x, y); {Aai , Abj} = {σ˜ia, σ˜jb} = 0, (25)
which induce the following Poisson brackets between any two smooth phase
space functions f and g given by
{f, g} =
∫
Σ
d3y
[ δf
δAai (y)
δg
δσ˜ia(y)
− δg
δAai (y)
δf
δσ˜ia(y)
]
. (26)
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The constraints in (24) smearing the auxilliary fields are (Ga,Hi,H) the
Gauss’ law, vector and Hamiltonian constraints
Ga = Diσ˜
i
a; Hi = ǫijkσ˜
j
aB
k
a ; H = ǫijkǫ
abcσ˜iaσ˜
j
b
(Λ
3
σ˜kc +B
k
c
)
. (27)
Choosing g in (26) to be one of the constraints (27) with f as one of the
dynamical variables, one can determine the variation of the latter under
the transformations generated by the constraints. Under transformations
generated by the Gauss’ law constraint, the ‘small’ gauge transformations,
the Ashtekar variables transform as
δ~ηA
a
i = −Diηa; δ~ησ˜ia = −fabcσ˜ibηc. (28)
Comparison of (28) with (8) shows at least that the canonical structure of
(24) preserves the correct transformation properties of the spatial part of
Aaµ. The magnetic field B
i
a should transform as a covariant SO(3, C) vector
under gauge transformations
δ~ηB
i
e = ǫ
ijkDj(δA
e
k) = −ǫijkDjDkηe = −fefgBifηg, (29)
which is indeed the case as expected. Under transformations generated by
the vector constraint, the Ashtekar variables transform as
δ ~NA
a
i = ǫijkB
j
aN
k; δ ~N σ˜
i
a = σ˜
j
a∂jN
i − ∂j(N j σ˜ia)− fabc(N jAbj)σ˜ic. (30)
Comparison of (30) with (23) shows that the Ashtekar vector constraint
does not generate pure spatial diffeomorphisms, but also includes a gauge
transformation with field-dependent parameter N iAai . So far, the spatial
components of the Ashtekar variables exhibit the expected transformation
properties with respect to diff implied by the Poisson brackets (26). This
leaves remaining the ‘temporal’ diffeomorphisms, which can be seen as the
Hamilton’s equations of motion.
The evolution equations of the Ashtekar variables generated purely by
the Hamiltonian constraint are given by
δNA
a
i = −iN
(
Λ(detσ˜)(σ˜−1)ai + ǫijkǫ
abcσ˜
j
bB
k
c
)
;
δN σ˜
i
a = −iDnica
(
N
√
detσ˜(σ˜−1)cn
)
. (31)
The connection has acquired momentum space dependence under
Hamiltonian evolution, which is no longer consistent with (9). We say
that the 4-dimensional diffeomorphism symmetry is no longer manifestly
preserved by the Poisson brackets (26). The constraints algebra for (27)
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reads [5]
{ ~H[ ~N ], ~H[ ~M ]} = Hk
[
N i∂kMi −M i∂kNi
]
;
{ ~H [N ], Ga[θa]} = Ga[N i∂iθa];
{Ga[θa], Gb[λb]} = Ga
[
fabcθ
bλc
]
;
{H[N ], ~H[ ~N ]} = H[N i∂iN
]
{H[N ], Ga(θa)} = 0;[
H(N ),H[M ]
]
= Hi[
(
N∂jM −M∂jN
)
H ij ] (32)
which closes. The algebra (32) is first class, and therefore the theory based
on (24) is in this sense Dirac consistent.
Still, comparison of (32) with (2) reveals the same differences pointed
out in the introduction, regarding the temporal parts of spacetime
diffeomorphisms. In particular, the bracket between two Hamiltonian
constraints is a diffeomorphism (and not a Hamiltonian) constraint. The
suggestion is that that for the theory (24), spacetime covariance at the
canonical level has either been broken or is not manifest. This leaves open
the question of whether a formulation of GR exists where two Hamiltonian
constraints commute into a Hamiltonian constraint as suggested by (5).1
3.1 Comparison with the covariant form
Comparison of (32) with (10) with reveals the aforementioned differences
with respect to the temporal components of Diff as shown in the
introduction. This suggests that the manifest covariance has been broken,
since (24) at the canonical level does not exhibit the same symmetry as
the basic fields Aaµ. We will nevertheless still complete the analysis of (10)
with respect to gauge transformations for purposes of comparison with (32).
From (19) the commutator of two gauge transformations is given by[
δ~η, δ~θ
]
= −δ
[~η,~θ]
, (33)
which is consistent with (32). For the result of a spacetime diffeomorphism
with a gauge transformation we must revert to (19)[
ξµ∂µ, δ~θ
]
= −δLξθ. (34)
To compare (34) with (32) we must decompose the spacetime
diffeomorphisms into a purely spatial part and a purely temporal part. The
commutator with the spatial part is given by[
N i∂i, δ~θ
]
= −δLN~θ, (35)
1We will provide a proposition of such an action in the discussion section, relegating
its comparison against (5) for future research.
8
which is consistent with (32). This shows that the Lie algebra of SO(3, C) ∗
diff is correctly realized by (24) at the canonical level. For the commutator
of a gauge transformation and a temporal diffeomorphism (34) yields[
N∂0, δ~θ
]
= −δNθ˙, (36)
which is consistent with (32) only for gauge transformations which are
independent of time. This is quite analogous to (4) in the introduction.
4 Transformation properties of the CDJ matrix
We have seen, while the 4-D connection Aaµ forms a representation of
SO(3) ∗ Diff symmetry, that only the spatial part of this symmetry is
preserved at the canonical level in the Ashtekar formalism (24) which uses
Aaµ as one of the dynamical variables. We will introduce a new quantity
Ψae ∈ SO(3, C) ⊗ SO(3, C), which in conjunction with Aaµ will form the
dynamical variables for the instanton representation of GR which we will
propose in the discussion section. The matrix Ψae is known as the CDJ
matrix, named after Capovilla, Dell and Jacobson [8].
Consider the following change of variables
σ˜ia = ΨaeB
i
e; (detΨ) 6= 0, (detB) 6= 0. (37)
We will verify that Ψae forms an off-shell representation of the SO(3, C) ∗
diff algebra, relegating the temporal part as a direction of future research.
First, let us determine the transformation properties of Ψae predicted
by this algebra. The connection Aai and densitized triad σ˜
i
a under
spatial diffeomorphisms diff generated by the vector N i should transform
respectively as covariant and contravariant 3-vectors
δ ~NA
a
i = N
j∂jA
a
i + (∂iN
j)Aaj ; δ ~N σ˜
j
e = N
k∂kσ˜
j
e − σ˜ie(∂iN j). (38)
The first equation of (38) can also be written as
δ ~NA
a
k = Dk(N
mAam) + ǫklmB
l
aN
m. (39)
Comparison of (39) and the second equation of (38) with (30) shows that
the Ashtekar vector constraint generates spatial diffeomorphisms combined
with a gauge transformation with field-dependent parameter N iAai . Under
diff , the magentic field Bia transforms as
δ ~NB
i
a = ǫ
ijkDj(δA
a
k) = ǫ
ijkDjDk(N
mAam) + ǫ
ijkǫlmkDj(N
mBla)
= fabcBib(N
mAcm) +
(
δilδ
j
m − δimδjl
)
Dj(N
mBla), (40)
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were we have used (39), the relation δBia = ǫ
ijkDj(δA
a
k), as well as the
definition of curvature as the commutator of two covariant derivatives.
Continuing from (40), we have
δ ~NB
i
a = f
abcBib(N
mAcm) + (∂mN
m)Bia
+Nm∂mB
i
a +N
mfabcA
b
mB
i
c − (∂lN i)Bla −N iDlBla. (41)
Using the Bianchi identity DlB
l
a = 0 and the fact that the first and fourth
terms on the right hand side of (41) cancel, we are left with
δ ~NB
i
a = ∂m(N
mBia)− (∂lN i)Bla. (42)
Comparison with the second equation of (38) shows up to a term
proportional to ∂mN
m that equation (42) is consistent with the
transformation properties expected of a contravariant 3-vector.
Having written down explicitly the transformations of the Ashtekar
variables under SO(3, C) ∗ diff , we will now use this to deduce the
transformation properties of Ψae using (37). Starting with the SO(3, C)
gauge transformations, the variation of (37) is given by
δ~ησ˜
i
a = Ψae(δ~ηB
i
e) + (δ~ηΨae)B
i
e, (43)
where we have used the Liebniz rule. Using (29), this yields the condition
−fabcσ˜ibηc = Ψae(−febcBibηc) + (δ~ηΨae)Bie, (44)
where we have used the Liebniz rule. Using (29) and (42) we have after
relabelling indices e↔ g and b↔ e on the second term
−fabcΨbeηcBie = −ΨagfgecBieηc + (δ~ηΨae)Bie. (45)
Assuming the nondegeneracy condition for Bie, then (45) gives us the
transformation properties of Ψae
δ~ηΨae = −
(
fabcΨbe +Ψabfebc
)
ηc. (46)
The result is that Ψae transforms as a second-rank SO(3, C) tensor
under gauge transformations, which seems to makes sense. Next, we
would like to determine the transformation properties of Ψae under spatial
diffeomorphisms. Note that we have
δ ~N σ˜
i
a = Ψae(δ ~NB
i
e) + (δ ~NΨae)B
i
e, (47)
the variation of (37) under spatial diffeomorphisms. Using (38), we have
Nm∂mσ˜
i
a − (∂mN i)σ˜ma = (δ ~NΨae)Bie +Ψae∂m(NmBie)− (∂mN i)ΨaeBme .(48)
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The second term on the left hand side of (48) cancels the last term on the
right hand side, yielding
Nm∂mσ˜
i
a = (δ ~NΨae)B
i
e +Ψae∂m(N
mBie). (49)
Substituting (37) and expanding the derivatives, we have
Nm∂m(ΨaeB
i
e) = (δ ~NΨae)B
i
e +Ψae∂m(N
mBie)
−→ Nm(∂mΨae)Bie +NmΨae∂mBie
= (δ ~NΨae)B
i
e +Ψae(∂mN
m)Bie +ΨaeN
m(∂mB
i
e). (50)
After cancellation of various terms in (50), we obtain
δ ~NΨae = N
m∂mΨae − (∂mNm)Ψae. (51)
Equations (46) and (51) provide the desired transformation properties of
Ψae under SO(3, C) ∗ diff . We will now prove that Ψae forms an off-shell
representation of the SO(3, C) ∗ diff algebra, which we have relegated to
the appendix. The result is shown in the discussion section.
5 Discussion
This paper has proposed variables (Aaµ,Ψae), with a view toward restoring
the full covariance of general relativity under spacetime diffeomorphisms.
The connection Aaµ forms an off-shell representation of SO(3, C) ∗ Diff
symmetry, and in the case of Ψae we have proven only SO(3, C) ∗ diff
symmetry, which does not include the temporal components of Diff . The
algebra is given by[
δ~θ, δ~η
]
Aaµ = −δ~θ×~ηAaµ;
[
δ~θ, δ~η
]
Ψae = −δ~θ×~ηΨae[
δξ , δ~η
]
Aaµ = −δδLξ~ηA
a
µ;
[
δ ~N , δ~η
]
Ψae = −δL ~N~ηΨae[
δξ , δζ
]
Aaµ = −δ[ξ,ζ]Aaµ;
[
δ ~M , δ ~N
]
Ψae = −δ[ ~N, ~M ]Ψae. (52)
We have shown that the Ashtekar formulation of general relativity defined on
the phase space ΩAsh = (σ˜
i
a, A
a
i ) implements only the SO(3, C) ∗ diff part
of the algebra, and only for spatial diffeomorphisms and SO(3, C) gauge
transformations which are independent of time. This suggests that the
SO(3, C) ∗ Diff symmetry of the connection Aaµ has been broken at the
canonical level. A question which we propose for future research is whether
this symmetry can to some extent be restored at the canonical level using
an alternate formulation of GR. We will propose a new action
IInst =
∫
dt
∫
Σ
d3x
(
ΨaeB
i
eA˙
a
i +A
a
0B
i
eDiΨae
+ǫijkN
iBjaB
k
eΨae − iN(detB)1/2
√
detΨ
(
Λ+ trΨ−1
))
, (53)
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which can be obtained by substitution (37) into the action (24). Using the
definition F a0i = A˙
a
i − DiAa0 for the temporal component of the curvature,
and using the identity
1
2
∫
dt
∫
Σ
Ψ(ae)ǫ
ijkF ejkF
a
0i =
1
8
∫
M
d4xΨaeF
a
µνF
e
ρσǫ
µνρσ, (54)
then upon separation of Ψae into symmetric and antisymmetric parts we
can write the action (53) as
IInst =
∫
dt
∫
Σ
d3x
(
Bi[eF
a]
0i + ǫijkN
iBjaB
k
e
)
Ψae
+
∫
M
d4x
[
1
8
ΨaeF
a
µνF
e
ρσǫ
µνρσ − iN(detB)1/2
√
detΨ
(
Λ+ trΨ−1
)]
. (55)
As a direction of future research we will check the algebra of constraints
implied by (55) to examine to what extent the SO(3, C)∗Diff symmetry can
be restored. Since (5) suggests that temporal diffeomorphisms should form
their own subalgebra, an additional area of research will be to investigate
whether this can be deduced from (53). It is shown in [9], using a reduced
version of (53), that the Hamiltonian constraint does form a subalgebra,
albeit with structure functions and not structure constants.
6 Appendix A: Closure of the SO(3, C) ∗ diff
algebra on Ψae
6.1 Closure under spatial diffeomorphisms
Having determined the transformation properties of Ψae, we will now check
for off-shell closure of the constraints algebra on Ψae, seen as a dynamical
variable. Let us first examine the effect of two consecutive diffeomorphisms
δ ~M δ ~NΨae = N
m∂m(δ ~MΨae)− (∂mNm)δ ~MΨae
= Nm∂m
(
Mn∂nΨae − (∂nMn)Ψae
)
− (∂mNm)
(
Mn∂nΨae − (∂nMn)Ψae
)
= Nm(∂mM
n)∂nΨae +N
mMn∂m∂nΨae − (∂mNm)Mn∂nΨae + (∂mNm)(∂nMn)Ψae
−Nm(∂m∂nMn)Ψae −Nm(∂nMn)∂mΨae,(56)
where we have used (51). After cancellation of various terms and subtracting
the result with ~M and ~N interchanged, we obtain(
δ ~Mδ ~N − δ ~Nδ ~M
)
Ψae = (L ~N
~M)n∂nΨae +
(
Mn∂m∂nN
n −Nm∂m∂nMn
)
Ψae
= (L ~N
~M)n∂nΨae − ∂n(L ~N ~M)nΨae(57)
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where (L ~N
~M)n = Nm∂mM
n −Mm∂mNn is the nth component of the Lie
derivative of M i along N i. The result is[
δ ~M , δ ~N
]
Ψae = −δ[ ~N, ~M ]Ψae, (58)
namely that the commutator of two spatial diffeomorphisms is also a spatial
diffeomorphism. The spatial diffeomorphisms form a closed algebra on Ψae,
which is consistent with (3) and with the purely spatial part of (32).
6.2 Closure under mixed transformations
Next we move on to the commutator of a spatial diffeomorphism with a
gauge transformation. Using (46) and (51), this is given by[
δ ~N , δ~η
]
Ψae = δ ~N (δ~ηΨae)− δ~η(δ ~NΨae)
= −(fabcδ ~NΨbe + febcδ ~NΨab)ηc − (Nm∂m(δ~ηΨae)− (∂mNm)δ~ηΨae)
= −fabc
(
Nm∂mΨbe − (∂mNm)Ψbe
)
ηc − febc
(
Nm∂mΨab − (∂mNm)Ψab
)
ηc
+
(
Nm∂m − (∂mNm)
)(
fabcΨbe + febcΨab
)
ηc.(59)
Expanding the terms, we obtain
−fabcNm(∂mΨbe)ηc + fabc(∂mNm)Ψbeηc − febcNm(∂mΨab)ηc + febc(∂mNm)Ψabηc
+fabcN
m(∂mΨbe)η
c + fabcN
mΨbe(∂mη
c) + febcN
m(∂mΨab)η
c + febcN
mΨab(∂mη
c)
−fabc(∂mNm)Ψbeηc − febc(∂mNm)Ψabηc = (Nm∂mηc)
(
fabcΨbe + febcΨab
)
(60)
which leads to cancellation of several terms. The result is that[
δ ~N , δ~η
]
Ψae = −δL ~N~ηΨae, (61)
namely that the commutator of a gauge transformation and a spatial
diffeomorphism is a gauge transformation, which is also consistent with (32).
6.3 Closure under SO(3, C) gauge transformations
Next we move on to the commutator of two gauge transformations. Two
successive gauge transformations yield
δ~θδ~ηΨae = −
(
fabcδ~θΨbe + febcδ~θΨab
)
ηc. (62)
Expanding this out and using (46), we obtain
fabc
(
fbfdΨfe + fefdΨbf
)
θdηc + fbec
(
fafdΨfb + fbfdΨaf
)
θdηc
=
(
δadδcf − δaf δcd
)
Ψfe + fabcfefdΨbf + febcfafdΨfb +
(
δedδcf − δefδcd
)
Ψaf .(63)
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Expanding (63) and subtracting the result with ~θ and ~η interchanged, we
obtain[
δ~θ, δ~η
]
Ψae =
(
δadΨce − δcdΨae + δedΨac − δcdΨae + fabcfefdΨbf + febcfafdΨfb
)
θdηc
+
(
−δacΨde + δdcΨae − δecΨad + δdcΨae − fabdfefcΨbf − febdfafcΨfb
)
ηcθd = A+B,(64)
where we have relabelled c↔ d in the second line. We have also defined
A =
(
δadΨce − δacΨde + δedΨac − δecΨad
)
θdηc;
B =
(
fabcfefdΨbf + febcfafdΨfb − fabdfefcΨbf − febdfafcΨfb
)
θdηc. (65)
Note that B = 0, which can easiest be seen by relabelling f ↔ b on the
second and fourth terms of (65). Hence it remains to show that A in (46) is
a gauge transformation. This can be written as
A = δadΨce(θ
dηc − θcηd) + δedΨac(θdηc − θcηd) =
(
δadΨce + δedΨac
)
(θdηc − θcηd).(66)
Defining θdηc − θcηd = ǫdcgqg, where qg = ǫga′e′θa′ηe′ , then we have
A = (δadΨce + δedΨac
)
ǫdcgq
g =
(
facgΨce + fecgΨac
)
qg. (67)
The result is [
δ~θ, δ~η
]
Ψae = −δ~θ×~ηΨae, (68)
namely that the commutator of two gauge transformations is a gauge
transformation. Comparison of the results of (58), (61) and (68) with
(32) shows that the constraints algebra for kinematic transformations is
preserved under the change of variables (37). For the temporal part of the
transformations of Ψae, we will defer treatment to a separate paper.
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